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Paper I — L? SPACES AND BANACH ALGEBRAS
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Time : Three hours Maximum : 100 marks

Answer any FIVE questions.
All questions carry equal marks.

1. (a) If ¢is convex on (a,b), prove that g¢is
continuous on (a, b).

(b) If Xis a locally compact Hausdorff space and
1<p<e, show that C,(X) is dense in

LP(u).
2.  State and prove Jensen’s inequality.

3. (a) If p and g are conjugate exponents with
1<p<ceand if feL” (1) and ge L? (u)prove

that fge L'(u) and |feg|<|f], [é], -

(b) Prove that f+ge LP(u) and
If + &, <IA, +lel, -

4. Prove that LP(u)is a complete metric space for
1 <p < and for every positive measure 4.



‘Let S be the class of all complete, measurable
simple functions on X such that
u ({x:S(x)#0})<oprove that S is dense in

17 (u).
With usual assumption prove the following :

@ Clu)cI?(n)

(b) C.(X)is not complete
(¢) LP(u) is the completion of C,(X).

(@) Prove that if f,geC,(X), then
f=glae=>f=g.

(b) Prove that for fe C,(X), |f]. = xseu;k [f(x).

If X is a locally compact Hausdorff space then
prove that C,(X) is the completion of C, (x)

relative to the metric defined by the supremum

norm [f]= P If(e).

(@) Show that the spectrum o(x) of x is always
nonempty and compact.

(b) If A is a commutative Banach algebra prove
that no proper ideal of A will contain any
invertible element.
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10. Let A be the maximal ideal space of a

commutative Banach algebra A prove the
following :

(a) Ais a compact Hausdorff space.

(b) For each xe A, the range of x is the
spectrum o(x). Hence [[£]_ <]
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(b)

(b)

Answer any FIVE questions.
All questions carry equal marks.

If I,J are ideals of a ring R then show that
I+J, IJ are ideals of R and IJcInd and
I+J is the smallest ideal of R containing
I and J.

Let M be an ideal of a ring R, show that M
is a maximal ideal of R if and only if R/M is
a field.

Show that an ideal P in R is a prime ideal if
and only if R/P is an integral domain.

Show that the ring of Gaussian integers is a

Euclidean domain.






